Abstract. Gradient elastic effects associated with the existence of an cohesion type interphase layer, within a simple and robust gradient model are discussed. Classical and gradient solutions within a simple and robust fracture model whose properties are described by the harmonic and Helmholtz equations, are compared. It is shown that using the gradient solution can be explain the various mechanisms of fracture for the microcrystalline structures in dependence from scale parameter, which can be defined in terms of standard characteristics of materials. We established the equation for the tensor of energy, within a gradient model and adhesion model. Conservation law for the tensor of energy and J-integral equation were formulated for the continual gradient adhesion model.
Introduction
The development of continuum media models accounting for various micro/nanostructures beyond the theory of classical elasticity appears to be crucial for the description of not only short-range interactions and cohesion forces, but also for the modeling of other size-dependent effects in the framework of generalized elasticity and plasticity theories. Such robust gradient were developed initially by Aifantis and co-workers in the early eighties [1, 2] , for gradient plasticity and in the early ninties [3, 4] for gradient elasticity, respectively. Following the publication of Aifantis's initial models, various gradient theories appeared and applied to interface, shear banding dislocation and size effect and composite problems [5] [6] [7] . In the listed works the variants of gradient models for the description of cohesion scale-effect (without adhesive interactions) are developed. It has been argued some time, that gradient theories may be quite effective to describe phenomenologically the influence of underlying microstructures, and have been used for capturing scale effects in miniaturized components and devices [7] [8] [9] ]. In connections with the present works it is noted that Lurie and co-workes [10] [11] [12] [13] [14] have employed a first-order unified gradient model of the medium with conserved dislocations to describe a spectrum of various surface phenomena and scale effects, and an applied interphase layer model was also proposed [15] [16] [17] [18] . These applied gradient models contain essentially only one additional physical parameter to account for straingradient effects; more so, in particular, since they also provide a sufficient description of the cohesion field with adhesion interactions in the contact zone between different components. In this paper, using the gradient theory, we construct an analytical asymptotic solution for the model problem in the mechanics of fracture. We show that in contrast to the classical theory of gradient elasticity theory gives a non-singular solution for the crack. The novelty of the approach lies on the fact that the gradient theory allows us to construct asymptotic solutions of varying smoothness of the crack tip. In addition, we constructed an expression for the energy tensor and developed J integral to the case of the gradient theory, which taking into account cohesion and adhesion interactions.
Preliminaries. The We examine a special case of Toupin's and Mindlin's theories of generalized elasticity [19, 20, 11, 12, 16, 19] , which was independently proposed and first elaborated upon by Aifantis [3] . The following variational model of the cohesion field is used:
Here
A is the work of given forces in the volume V and at the surface V  ; the total potential energy ( E ) expressed as the sum of the integrals of the strain energy density in the volume G E and on the surface (
Here E is the total potential energy including the contribution from both the classical and gradient components of the strain energy, 
and C is an additional physical constant of the model (the gradient coefficient) that determines cohesive interactions [14, 16, 17] in the volume. The gradient term i u is defined as 
determining the density of the strain energy on the surface; where the physical constants A and B are correspond to the normal and shear adhesion, i n is the outwards unit normal to the surface. Note, that in common case strain energy density on the surface ( G E  ) can define more common adhesion properties [11, 12, 16, 19] . For the model of Eq. (1),(2) the system of the governing differential equations for the displacement vector k R can be written as:
The governing differential relations given by Eqs. (3) show that the displacement field can be written as a sum of two terms [16] : the classical component of the displacement field i U and the gradient part of the displacement field i u (cohesion-dependent component of the displacement field), i.e.
. Note, that the classical Lamé operator can be defined
. Then the strain energy density in the volume G E (2) can be written also in the following form
Full stresses [14] . We will consider the fracture mechanical problem using the simplified formulation for the normal separation cracks. To receive more clear physical results we consider problem about opening crack in particular, simplified double plane formulation using the following propositions:
are the vectors of coordinate axis. Assume also that density of the forces in the volume is equal to zero 0
To receive clear physical results we consider problem about opening crack in simplified double plane formulation using the following propositions respect to the displacement field:
are the vectors of coordinate axis. In this case we have the following equation for the density of strain energy
Can be shown, that for this scalar problem classical part of solution ( , ) U x y satisfies the harmonic equation 
We consider problem about opening crack in particular, simplified plane formulation. The homogeneous boundary conditions have place on the crack faces ( 0, 0 ) xy  . The following asymptotic solution for displacement and stresses near top of crack can be written:
Suppose that at some point of the body the stresses becomes equal to the ultimate strength
Then the stress intensity factor I K must be equal to the coefficient of fracture toughness
Using equation (7) we can find the trajectory of the critical stresses с 
Allowing the equation (9) with respect to stresses, we can establish the Hall-Petch law in fracture
We can offer the following interpretation of the obtained results: in the case of brittle material the fracture mechanism is such that at the front of the crack the grains are crumbled from material with a typical diameter d , (9), and with shapes that define by equation (8) . Let's consider the trajectories (8), having a common point at the crack tip. We assume that the trajectory is critical when r rd  . The solutions based on the classical theory of elasticity can be used if rd  . The critical grain size d determines the area of applicability of the classical theory of elasticity. On the other hand, non classical effects can occur for regions whose diameter is less then critical rd  . The Hall-Petch low is one of the examples of the non-classical effects which depend from the characteristic scale parameter of structure [14] . Systematic deviations from the Hall-Petch law can take place for the small grain size. . It is easy to show that asymptotic solution (12) gives nonsingular stresses field near top of crack and nonclassical dependences for the displacement of crack faces similar to the dependences for equilibrium cracks introduced by Barenblatt. The displacement of crack faces can be found by integrating of equations for stresses  (12); i.e.
Gradient
It is easy to see, that the angle between bounds at the crack tip is equal to zero as it takes place and for equilibrium cracks. Let us consider the trajectories of critical stresses for gradient solution (12);i.e.
It can be shown that it exists such small parameter q , when the bundle of trajectories (13) near tip of crack has place. In this case there are not roots of the equation (13) Gradient solution of high smoothness. We consider the simplified model (1),(2),(6) with governing equation
Let us show that it is possible to construct the variant gradient nonsingular solution with high smoothness near the top of the crack. For the opening crack with the homogeneous boundary conditions on the crack faces ( 0, 0 ) xy  the following solution for the displacement can be written:
Then we can find equation for the stresses:
Here ) (
are the cylindrical Macdonald functions of half-integer order. To satisfy the regularity conditions of the displacement at the crack tip we can put in (15):
. Then, using properties of the Macdonald functions we can receive:
In this case it is easy to verify that the stresses will also be regular at the crack tip:
Note, that in contrast to classical fracture mechanics where angle at the crack tip is equal 180 degrees, for the nonclassical gradient theory (16) this angle equal to zero. We can see also that dependence 0 ( , )
Rz has a inflection point in a vicinity of top of a crack. It is noteworthy that the distance from the inflection point to the crack tip is almost identical to the non-classical parameter of the model (17) we can write the following implicit equation for the critical stresses trajectory: two, top and bottom subareas take place, symmetric concerning axis OX. In this case there are not roots of the equation (18) at    . Recall that the similar result we received for the gradient model (12), (13) where only one critical subarea was allocated. So, we are shown, that specified gradient solutions in the mechanics of fracture to the full corresponds to classification of nanoctructured materials [21] . This classification divides a dimensional set of nanocrystals on three groups: "big", "average" and "small" in which the fracture processes are defined by various mechanisms: а) fracture areas are defined by a characteristic sizes of grains; б) the fracture is determined by borders of grains; the area of fracture is supervised by joints of grains.
Conservation law of the tensor of energy for the gradient adhesion model. So, we shown, that the gradient model specifies our representation about mechanisms of fracture. Further we shall prove the theorem about the law of conservation of the tensor of energy and we shall establish the relations, allowing to formulate G integral for the gradient models which are taking into account and adhesive properties of the solids. Let's receive equations for the tensor of energy and vector of a stream of the energy, taking into account cohesion interactions (gradient effects) in volume and adhesive interactions on the surface of the body. Using equation (1) (2), we can write Euler's equations in the form:
